We address a growing interest in trapping and cooling of mixed-species alkali-metal atoms. Long-range coefficients that arise in the multipole expansion of molecular potentials for unlike alkali-metal dimers are calculated. The coefficients for the heteronuclear alkali-metal dimers corresponding to different molecular symmetries that separate to nS-nЈS,nS-nЈP,nS-nЈD, and nP-nЈP atomic levels are computed with high precision. We consider cases where in the infinite separation limit, one atom is in the ground state and the other is in one of the lowest S, P, and D excited states and both atoms are in their lowest excited P states. We find the long-range potentials for Rb(5S)-Cs(6S),Rb(6S)-Cs(6S),K(4S)-Rb(5 P) 1,3 ⌺,K(4P)-Cs(6 P)
I. INTRODUCTION
Our understanding of the collisional interaction between bosonic atoms operating at ultracold temperatures has advanced manyfold in recent years ͓1-3͔. The creation of like alkali-metal Bose-Einstein condensates ͓4-6͔ has provided the impetus for the burst in theoretical activities. As the level of sophistication in manipulating trapped atoms rises and new techniques for probing the interatomic properties at the macroscopic level are developed ͓7,8͔, theory is being directed toward understanding the atomic interactions in mixed-isotope and mixed-species alkali-metal condensates ͓9-14͔. It is also possible to study the ultracold photoassociative spectroscopic features of heteronuclear alkali-metal systems ͓15,16͔. Mixed-species ͑heteronuclear͒ atoms in a single trap offer the possibility of stablizing formerly unstable condensates ͓6͔. From a spectroscopic point of view, ultracold collisions between two unlike atoms offer unique opportunities. For instance, whereas the collision between two optically pumped like alkali-metal atoms proceeds via the long-range resonant dipole interaction, the photoassociative spectroscopy of two similarly arranged unlike alkalimetal atoms is driven by the much shorter range van der Waals forces.
That binary elastic collisions, the so-called good collisions, between atoms are responsible for the thermalization of bosonic atoms in magnetic traps is established ͓1,2,17͔. These ultracold atoms interact via large distances inside the traps. A practical and extremely meaningful parameter in describing the short-range collisional properties of cold interacting atoms is the scattering length. It is also well known that the scattering length demonstrates extreme sensitivity to the form of the long-range part of the dimer potential ͓1,2͔. This has been the chief driving force behind the recent theoretical push in obtaining precise values for the long-range interaction between two neutral bosonic atoms ͓20-23͔. In collisions between mixed-species condensates, a crucial parameter is the interspecies scattering length ͓24͔. As with the intraspecies cases, the interspecies scattering length, in both sign and magnitude, will be sensitive to the long-range form of the heteronuclear molecular potential-energy curves.
The long-range interactions between two atoms, where the exchange forces become ineffective ͓18,19͔, are of the electrostatic type. It is possible to expand the dimer adiabatic Born-Oppenheimer potential in the small parameter 1/R, where R is the internuclear distance. The coefficients appearing in front of each term in the series expansion in 1/R describe the different electric multipole interactions between atoms correlated at large distances. Coeffecients in inverse powers of 1/R n with nу6, the so-called dispersion coefficients, can be computed in the second order of degenerate perturbation theory, where the perturbation is given by the Coulomb interaction between the atomic charge distributions ͓21,23͔. Second-order optical transitions, the dynamic response of atoms and molecules to weak external electric fields, are needed for the calculation of various properties in dispersive media such as the refractive index and light scattering.
Calculations of atomic properties of alkali-metal atoms are facilitated by recognizing that each atom has a single active electron outside a closed core. The motion of this valence electron can be modeled with high precision with an angular-momentum-dependent, radial local potential. Such a model potential whose parameters were optimized to yield known atomic energy levels and static dipole polarizabilities *Electronic address: hsadeghpour@cfa.harvard.edu was used to calculate ground-state dispersion coefficients for alkali-metal dimers ͓20͔. We emphasize that the atomic energy levels and static polarizabilities are calculated to experimental precision. The valence electron model includes the core effects such as the core polarization and screening. In calculating the transition matrix elements, we ''dress'' the electric dipole operator to include the effect of the core polarization, which can become significant for heavier alkali metals. Extensions of the method to more complex situations in calculating the long-range interaction potentials correlating to nS-nЈS,nS-nЈP,nS-nЈD, and nP-nP dissociation limits for the homonuclear alkali-metal dimers were recently carried out ͓21-23͔.
In this work we study the long-range forces between two unlike alkali-metal atoms. We consider the following cases: both atoms in the ground state, one atom in the ground state and the other in an S, a P, or a D excited state, and both atoms in a P excited state.
For large internuclear distances, the potential-energy curves associated with the nS-nЈS asymptotes may be expressed as
where C n for nϭ6,8,10 are the dispersion coefficients. The expressions for the C 6 ,C 8 , and C 10 coefficients when both atoms are in their ground states and when one of the atoms is in an S excited state are presented in Sec. II. For the nS-nЈP and nS-nЈD asymptotes, the long-range potential-energy curves are given by
The formal theory of the dispersion coefficients involved when one atom is in its ground state and the other atom is in an excited P or D state is presented in Secs. III and IV, respectively. We mention that in contrast to the homonuclear case, the multipole terms with nϭ3 and nϭ5, namely, the C 3 and C 5 coefficients, for molecular symmetries dissociating to nS-nЈP and nS-nЈD limits, respectively, vanish because no resonant dipole or quadrupole excitation between two unlike atoms is possible. For the nP-nЈP asymptote, the long-range potentialenergy curves are given by
The expressions for the C 5 ,C 6 , and C 8 coefficients associated with different molecular symmetries dissociating to the nP-nЈP limit are presented in Sec. V. Numerical results for the long-range coefficients of heteronuclear alkali-metal dimers are presented in Sec. VI. Throughout this paper we use atomic units (បϭm e ϭeϭ1).
II. DISPERSION COEFFICIENTS FOR THE NS-NЈS ASYMPTOTE
We denote the two interacting atoms by A and B. At infinite separations, the atoms A and B can be in their unperturbed ground S states represented by the set of quantum numbers A ϭ͕n A 00͖ and B ϭ͕n B 00͖, respectively. The other atomic excited states are denoted by
where XϭA,B.
The dispersion coefficients C 6 ,C 8 , and C 10 are obtained in the second order of the perturbation theory. Here the perturbation is given by the Coulomb interaction between the atomic charge distributions ͓21,25-27͔ and the unperturbed wave function is given by the product of the atomic wave functions ͉n A 00͉͘n B 00͘. Following a procedure similar to that presented in ͓21͔, we find the following expressions for the dispersion coefficients:
where
S͉r͉n B Ј P ͒ quantum number n X and angular momentum l X and ( ͉ ͉ ) is a radial matrix element. Equations ͑2.4͒-͑2.9͒ are quite general, available for any nS-nЈS asymptote. We are interested in studying cases when both atoms are in their ground states ͑''ground-ground'' case͒ and when one of the atoms, say B, is in the first S excited state ͑''ground-excited'' case͒. Below, we provide expressions for S j , suitable for numerical computation.
A. Ground-ground case
The sums in Eqs. ͑2.4͒-͑2.9͒ span the discrete and continuum Rydberg manifolds. A convenient scheme for computing the matrix elements S j 0 for jϭ1, . . . ,6 is to factor them into individual contributions of each atom by using the integral representation ͓28͔ 
where g l is the atomic radial Green's functions with angular momentum l. The two-center molecular integral is now reduced to an integral over one-center atomic polarizabilities. Equations ͑2.11͒-͑2.16͒ may be rewritten in terms of the atomic multipole polarizabilities at imaginary frequency by employing the identity
Re͓͑nS͉r l g l ͑E nS ϩi͒r l ͉nS͔͒.
͑2.17͒
S 1 0 is due to dipole-dipole interaction, S 2 0 and S 3 0 are due to dipole-quadrupole interaction, S 4 0 is due to quadrupolequadrupole interaction, and S 5 0 and S 6 0 are due to dipoleoctupole interactions.
B. Ground-excited case
When one of the atoms is in an S excited state, the factoring technique in Eq. ͑2.10͒ must be used with caution since the denominators in the S j 0 sums ͑2.4͒-͑2.9͒ may not always be written as a sum of two positive quantities. For these cases where aϾ0 and bϽ0, we replace 1/(aϩb) by 
Cs(6S)-Na(4S), and Cs(6S)-K(5S) asymptotes become
and S 2 0 ,S 4 0 , and S 5 0 are as before, in Eqs. ͑2.12͒, ͑2.14͒, and ͑2.15͒. On the right-hand side ͑rhs͒ of Eqs. ͑2.19͒-͑2.21͒, the S j 0 terms, with jϭ1,3, and 6, are given by Eqs. ͑2.11͒, ͑2.13͒, and ͑2.16͒, respectively. n A takes on values 2, 3, 4, 5, and 6 and n B takes on values 3, 4, 5, 6, and 7 for Li, Na, K, Rb, and Cs, respectively.
For
Rb(5S)-Cs(7S), and Cs(6S)-Rb(6S) asymptotes, S 1 0 ,S 3 0 , and S 6 0 are given by Eqs. ͑2.19͒-͑2.21͒, respectively, and
where on the rhs of Eqs. ͑2.22͒ and ͑2.23͒, S 2 0 and S 4 0 are given by Eqs. ͑2.12͒ and ͑2.14͒, respectively. S 5 0 remains unchanged as in Eq. ͑2.15͒. The extra terms outside the integrals in the expressions for S j 0 for jϭ1,2,3,4, and 6 stem from the first two terms of Eq. ͑2.18͒.
III. DISPERSION COEFFICIENTS FOR THE NS-NЈP ASYMPTOTES
In contrast with the homonuclear case, the 1/R 3 term for the heteronuclear dimers, namely, C 3 , is zero since no resonant dipole excitation between unlike atoms is allowed by the energy conservation rule. Therefore, the series expansion in 1/R for the S-P asymptotes for heteronuclear dimers begins with C 6 /R 6 . The zeroth-order wave functions are given as products of atomic wave functions ͉n A 00͉͘n B 1m B ͘ ͑as-suming atom A is in the ground state and atom B is in a P excited state͒. Given the cylindrical symmetry of the total Hamiltonian, the projection of the total angular momentum along the internuclear axis ⌳ϭm B is conserved. ⌳ϭ0 corresponds to electronic states with 1,3 ⌺ ϩ symmetries and ⌳ ϭϮ1 corresponds to electronic states with 1, 3 ⌸ symmetries. In the long-range limit, the singlet and triplet states are degenerate. This degeneracy is removed by considering the exchange energy, which is neglected here ͓19͔. Unlike the homonuclear case, the symmetry under the exchange of nuclear centers is broken. Following a procedure similar to that presented in ͓21͔, we obtain expressions for the dispersion coefficients.
For the 1,3 ⌺ ϩ symmetries we have
͑3.2͒
and for the 1,3
⌸ symmetries we have
͑3.11͒
The algebraic coefficients that enter in the expressions for the C 6 and C 8 coefficients are the same as those for the homonuclear C 6 and C 8 coefficients ͓21͔, although in the expression for the C 8 coefficient for the homonuclear dimers there are three additional terms, strictly related to the gerade and ungerade symmetries. The computation of the S j 1 sums, with jϭ1, . . . ,7, may be carried out in a similar fashion outlined in Sec. II, by using the integral representations in Eqs. ͑2.10͒ and ͑2.18͒. When, at infinite separations, atom A is in the ground state and atom B in the first P excited state, we have
where gЈ in Eq. ͑3.14͒ denotes the radial Green's function reduced relative to the real part of the energy argument, i.e., the term EϭE n B P is excluded from the summation. n A and n B take on values 2, 3, 4, 5, and 6 for Li, Na, K, Rb, and Cs, respectively.
IV. DISPERSION COEFFICIENTS FOR THE NS-NЈD ASYMPTOTE
The C 5 coefficient, present in the multipole expansion in inverse powers of R for the homonuclear dimers, is zero in the case of heteronuclear molecules since no resonant quadrupole excitation between different atoms is allowed. Thus the dispersion series begins with C 6 /R 6 . We distinguish the electronic states with
⌸ symmetries (⌳ϭ1), and 1,3 ⌬ symmetries (⌳ϭ2). The degeneracy between the singlet and triplet states can be removed by taking in consideration the exchange interactions and are neglected here.
For the 
͑4.6͒
͑4.15͒
The algebraic coefficients that enter in the expressions for the C 6 coefficients are the same as those for the homonuclear cases ͓21͔, although for the homonuclear dimers another term, related to the gerade and ungerade symmetries, is present. At infinite separations, when atom A is in the ground state and atom B is in the first D excited state, we distinguish three cases, according to the particular sequences of the excited levels for alkali-metal atoms. where n A takes on values 2, 3, 4, 5, and 6 for Li, Na, K, Rb, and Cs, respectively, while n B takes on values 4 and 5 and n gB takes on values 5 and 6 for Rb and Cs, respectively. For the Li(2S)-Na(3D), K(4S)-Na(3D), Rb(5S)-Na(3D), 
͑4.28͒
On the rhs of Eqs. ͑4.26͒-͑4.28͒, the S j 2 , with jϭ1,6, and 8, terms are given by Eqs. ͑4.16͒, ͑4.21͒, and ͑4.23͒, respectively. The expressions for the S j 2 , with jϭ2,4,5,7, and 8, terms are given by Eqs. ͑4.17͒, ͑4.19͒, ͑4.20͒, ͑4.22͒, and ͑4.24͒, respectively, while S 3 2 is given by Eq. ͑4.25͒. n A takes on on values 3, 4, 5, and 6 for Na, K, Rb, and Cs, respectively, while n B ϭ3 and n gB ϭ2. 
V. LONG-RANGE COEFFICIENTS FOR THE NP-NЈP ASYMPTOTE
The interaction between two excited P alkali-metal atoms is of interest in spectroscopy of excited molecules. The asymptotic molecular designation for these molecules are A ϭ͕n A 1m A ͖ and B ϭ͕n B 1m B ͖. According to the possible values of the projection of the total angular momentum along the internuclear axis ⌳ϭm A ϩm B , we distinguish six types ⌺ ϩ symmetries. The singlet and triplet states are again assumed to be degenerate. The C 5 coefficient results from the first order of degenerate perturbation theory while the C 6 and C 8 coefficients are obtained in the second order of perturbation. Following a procedure similar to that outlined in ͓23͔, we find the following expressions for the long-range coefficients.
For the 1, 3 ⌬ symmetries, we have IV. Dispersion coefficients for the lowest nS-nЈD asymptote of heteronuclear alkali-metal dimers, in a.u.
Long-range coefficients for the lowest nP-nЈP asymptote of heteronuclear alkali-metal dimers, in a.u.
Molecule
Symmetry 
͑5.18͒
The S j sums, with jϭ1, . . . ,16, are given as 
VI. NUMERICAL RESULTS AND DISCUSSION
The main task in calculating long-range dispersion coefficients consists of numerical evaluation of the atomic matrix elements involving Green's functions at real and complex energies. Our approach, outlined in detail elsewhere ͓20,21͔, is based on an efficient algorithm for solving a set of coupled-channel inhomogeneous differential equations. We follow in the spirit the Dalgarno-Lewis method ͓29͔. Table I presents the dispersion coefficients for the ground state of heteronuclear alkali-metal dimers, together with other published results ͓30-34͔. Our results agree well with previous computations. More precise agreement is found with the results of Patil and Tang ͓30͔. For LiNa, LiK, and NaK dimers we obtain excellent agreement with the results of Spelsberg et al. ͓31͔, which were obtained using a configuration interaction approach.
The dispersion coefficients when one atom is in the ground state and the other is in the first S excited state are presented in Table II . To the best of our knowledge, there are no equivalent results in the literature. Note that the C 6 coefficient for the Cs(6S)-Li(3S) asymptote is negative, leading to a repulsive form for the interaction in the long-range limit. This peculiar feature is due to the fact that the 3S-2 P transition in Li is nearly resonant with the transition in Cs ͑the 6S-6 P transition͒. Therefore, the first term in the S 1 0 sum in Eq. ͑2.4͒ ͓or the second term in the square bracket on the rhs of Eq. ͑2.19͔͒ has a strong resonant character. Since the energy spacing between the 3S and the 2 P energy levels of Li is greater than the energy spacing between the 6S and the 6 P energy levels of Cs, an overall negative value for S j 0 results. A similar anomaly, but leading to a strong attractive interaction in the long-range limit, occurs for the Rb(5S)-Li(3S) asymptote, where the 3S-2 P transition in Li is almost resonant with the 5S-5 P transition in Rb. Since the FIG. 1. The most attractive and the most repulsive asymptotic potential energy curves for the heteronuclear alkali-metal dimers. The K(4S)-Rb(5 P) molecule is the most likely candidate for ultracold photoassociative spectroscopy. transition energy in Li, E 2 P -E 3S , is smaller than the energy spacing between the 5S and 5 P energy levels in Rb, the contribution from the first term in the S 1 0 sum is large and positive. Therefore, the C 6 coefficient for the Rb(5S)-Li(3S) asymptote has the largest value among all the heteronuclear alkali-metal dimers. Bussery et al. ͓32͔ , while for the ⌸ symmetries the agreement is only occasional. Major discrepancies exist not only in absolute magnitude, but in the form of the attraction potentials. Bussery et al. predict that nearly one-half of the 1/R 8 coefficients in the nS-nЈP interaction between unlike alkali-metal atoms are repulsive. The largest absolute errors are about 30-40 %. Similar discrepancies were also reported in ͓21͔, between our calculations and that of ͓36͔ for the homonuclear dimers. The results from ͓32͔ and ͓36͔ were obtained from diagonalizing the long-range Born-Oppenheimer Hamiltonian in a set of molecular basis functions constructed from noninteracting atomic functions.
The strongest attractive long-range potential results from the interaction between K(4S) and Rb(5 P) and the most repulsive long-range potential is found in the interaction between Rb(5S) and K(4 P). We mention that our numerical results for the C 6 coefficients for the Cs(6S)-Li(2 P) asymptote are in good agreement with the experimental values from ͓35͔ and we confirm the repulsive character of the Cs(6S)-Li(2 P) asymptote found in ͓35͔. The experimental values for the van der Waals coefficients for Cs(6S)-Li(2 P) were determined from the wavelength dependence of the wings of the Li resonance lines broadened by Cs groundstate atoms.
Table IV present our numerical values for the dispersion coefficients for the cases when one atom is in the ground state and the other is in the first D excited state, together with the results from ͓32͔. We find a factor of 2 discrepancy in our results for the C 6 coefficients and those calculated in ͓32͔ and our values for C 8 are also in disagreement with those from ͓32͔. We find the largest attractive long-range potential in the case of the Rb(5S)-Na(3D) interaction and the largest repulsive potential in the case of the Cs(6S)-Na(3D) interaction.
The long-range coefficients for the nP-nЈP asymptote, where in the dissociation limit both atoms are in the first P excited state, are presented in Table V . To the best of our knowledge, these results represent the first such calculations. The most attractive long-range potential is formed between K(4 P)-Cs(6 P) in a ⌸ molecular symmetry and the most repulsive long-range potential forms also between Rb(5 P)-Cs(6 P), but in a ⌺ symmetry. We notice the unpredictable nature of the sign of the C 6 and C 8 coefficients, which was also mentioned in ͓23͔ for homonuclear alkalimetal dimers.
In Fig. 1 , we show the most attractive and the most repulsive asymptotic potential curves that form in the interaction of two-species alkali-metal atoms. The dashed curve gives the most optimal heteronuclear candidate molecule for photoassociative spectroscopy.
VII. SUMMARY
In this work we have calculated the coefficients of the long-range multipole expansion of the Born-Oppenheimer dimer potentials for two-species alkali-metal atoms for various molecular symmetries that correlate to ground and excited atomic levels. The calculations are based on an efficient numerical algorithm that solves for the response of the dimer system to electric multipole excitations and results when the infinite sums in the second order of perturbation theory are transformed into coupled inhomogeneous differential equations. We have calculated the heteronuclear dimer potential energies for the Rb(5S)-Cs(6S),Rb(6S)-Cs(6 P),K(4P)-Cs(6 P) ⌺,Rb(5S)-Na(3D) ⌺, and K(4S)-Rb(5 P) ⌺ molecules to have the largest attractive interactions in the long range, of which the last dimer presents the best opportunity for ultracold photoassociation. Our calculated value of the van der Waals coefficient for Cs(6S)-Li(2 P) agrees well with the experimentally determined C 6 coefficient.
